We present a generalisation of the double-logarithmic equation for the anomalous dimension of the non-singlet unpolarized twist-2 operators in QCD. Using known three-loop result this generalisation allows to predict a small x expansion of the four-loop non-singlet splitting functions in QCD for all power of logarithms up to the single-logarithm ln x term.
A double-logarithmic equation was formulated initially during the study of the asymptotic behavior of the scattering amplitudes in Quantum Electrodynamics [1] [2] [3] . With the help of the method, proposed by Sudakov [4] for the evaluation of Feynman integrals, the authors of [1] [2] [3] derived a Bethe-Saltpeter equation, which sums the leading logarithms terms (in this case (α em ln 2 x)) in all order of perturbative theory. Using the same methods, the investigations of other regions of applicability of the ressumation procedure were performed by some of the authors of [1] [2] [3] and the famous Dokshitzer-Gribov-Lipatov-Altarelli-Parizi (DGLAP) [5] [6] [7] and Balitsky-Fadin-Kuraev-Lipatov (BFKL) [8, 9] equations were obtained.
Then, in the papers of Kirschner and Lipatov [10] [11] [12] a new approach for the ressummation of the double-logarithmic terms was proposed. This new method allowed to perform the double-logarithmic ressummation for a different amplitudes and a different channels, considerably extended the conventional approach. The main point in new approach consisted in isolating the softest virtual particle with the lowest transverse momentum in the graphs. The authors of [12] proposed a set of equations for the partial waves of the amplitudes for the different channels in the double logarithmic approximation. In general, these equations are ordinary differential equations of Riccatti type and in some cases they are just algebraic ones. The study of the double-logarithmic equation [12] provided an information about behaviour of the structure function in the region of small x [13] [14] [15] [16] . Moreover, it was extended to Standard Model [17] and to (super)gravity [18] .
In spite of the DGLAP and BFKL equations were studied in the higher-order approximations [19] [20] [21] [22] , the double-logarithmic equation do not have any general results beyond the leading-logarithm approximation. In this paper we propose such generalisation, which was firstly discovered during the investigation of the analytical properties of the anomalous dimension of twist-2 operators in N = 4 SYM theory [23] .
The double-logarithmic equation for the non-singlet anomalous dimension of the twist-2 operator in QCD near j = 0 + ω, which can be obtained from the corresponding equation for the amplitudes from [12] , can be written as:
where
and the anomalous dimension γ(j) has a poles for all non-positive j = 0, −1, −2, . . . being the function of the nested harmonic sums, defined as (see [24, 25] ):
The double-logarithmic equation (1) provides the information about the highest poles in ω in all order of perturbative theory through a trivial solution:
The double-logarithmic equation (1) sums all terms, which are proportional to (a s ln 2 x) k in all order of perturbative theory if we transform the result (4) into x-space using
The double-logarithmic equation gives the important information about the leading behavior of the splitting function at small x. However, this leading order result requires the corrections. Such corrections can be taken into account with the perturbative calculations of the splitting functions and a coefficient functions, which are known at this moment up to next-to-next-to-leading order in QCD [19] [20] [21] 26] . But there is no any extension of the double-logarithmic equation (1) itself beyond the leading-logarithm approximation. Such generalization was discovered in the maximally extended N = 4 SYM theory [23] , where the anomalous dimension for twist-2 operators are know at this moment up to six loops [27] [28] [29] [30] [31] [32] . Perform the analytical continuation for these results, which can be easily done with the help of HARMPOL package [33] for FORM [34] , we can study the changes of this equation with the expansion of the anomalous dimension through the order of perturbative theory g and parameter ω. Such work was started by L.N. Lipatov and A. Onishchenko for a general even j = 0, −2, −4, −6, . . . at 2006, but was not published, than, some improves of the double-logarithmic equation were proposed by L.N. Lipatov in [29] . Surprisingly, that in the most simple case j = 0 + ω the generalisation was found in N = 4 SYM theory in a very simply form [23] :
where right-hand side is regular over ω. The solution of the generalised double-logarithmic equation (6) give the corrections to the leading-logarithm approximation (4) , that is, if we know ℓ loops anomalous dimension we know the information about all poles up to (a s /ω 2 ) k ω 2ℓ in all order of perturbative theory. As poles in ω correspond to ln x through eq. (5) we know the resummation of the logarithmic terms in all order of perturbative theory up to (a s k ln 2k−2(ℓ−1) x) term or in the N 2(ℓ−1) LLA approximation. For QCD we know at this moment the non-singlet anomalous dimension up to three loops [19-21, 35, 36] . So, we can expand the result for the anomalous dimension near j = 0 + ω, which is looks like
and substitute the obtained expressions into the original double-logarithmic equation (1) .
We have found, that indeed it is modified in a minimal way if we add also the QCD β-function in the left hand side * † :
where the coefficients for the β-function in QCD
are the following up to three-loop order [37] [38] [39] :
SYM theory is equal to zero in all order of perturbative theory. † There is a difference between normalisation of the anomalous dimension in N = 4 SYM theory and in QCD, which produces a difference in the left-hand sides of eqs. (10) and (6) .
One can see that the terms in the right hand side of eq. (11), which have a poles in ω, are proportional to ζ 2 and (C A − 2C F ) colour structure, that is they are suppressed by the subcolour factor (C A −2C F ) = 1/N c for SU(N c ). If we assume, that the modification of the original double-logarithmic equation (1) will contains pole terms, which are proportional only ζ 2 or (C A − 2C F ), we will know the resummation of the logarithm in all order of perturbative theory in the form of the following solution:
where coefficients D k m can be read directly form eq. (10) and we should drop out all terms proportional ζ 2 or/and suppressed by colour factor (
Let's turn this solution (16) into ln x with the help of eq. (5) and see its properties. We start with the comparison of our result eq. (16) with the exact result from the threeloop calculations [21] . Expanding the solution (16) (7) and (8)) we find for the expansion ofP (2) +,0 (x) near x = 0, which can be written in general aŝ
the following differences with the full results from eq. (4.15) ref. [21] :
We compare the obtained result with fig. ( 2) from ref. [21] , using the same input data. It is clear, that the difference between N 3 Lx approximation and exact result in fig. (1a) is some constant for small x. Our result (black solid line in fig. (1a) ), obtained from the two loops (or using only D (7)- (9)) we find for the expansion ofP the following predictions:
where all terms, which are proportional to [ω −2 ] and [ω −1 ] come correspondingly from the first and the second terms in eq. (11) . Inserting C A = 3 and C F = 4/3 and the numerical (
The n f -independent contributions of P (2),+ 0 (x) and P (3),+ 0 (x) to the splitting function P + ns (x), multiplied by (1−x). In the left part the exact result from [21] is compared to the small-x approximation and our solution (16) . In the right part the predictions for the small-x approximations to four-loop P 
that the contributions from uncontrolled terms [ω −2 ] and [ω −1 ] are small. In fig. (1b) we show these results.
In conclusion we want to note, that the generalised double-logarithmic equation (6) , obtained in N = 4 SYM theory [23] , provides us with a new information about ressumation in QCD. The generalised double-logarithmic equation for QCD (10) is violated only with terms, which are proportional to ζ 2 (C A − 2C F ) in eq. (11) . We hope, that one can find the origin of these terms to restore eq. (6) . In principle, the result (16) can be improved using our results for the first values of four-loop non-singlet anomalous dimension [40, 41] following the procedure, described in [42] .
